Introduction
In our paper [3] , we show that the natural environment for Pólya's fundamental enumeration theorem and for one of its possible generalizations, is Schur-Macdonald's theory of invariant matrices (cf. [4, Ch. I, Appendix]). The main result of this theory is the eqivalence between the category of finite-dimensional linear representations of the symmetric group S d and the category of polynomial homogeneous degree d functors on the category of finite-dimensional linear spaces. The above-mentioned generalization is a particular case of the main equality of characteristics of two objects corresponding each other via Schur-Macdonald's equivalence. For the original version of Pólya's theorem, we suppose that this fact was pointed out to G. Pólya by I. Schur himself (cf. [5, Ch. 1, n o 20]). Quite the contrary, it turns out that such a generalization of Redfield's master theorem lives only in the environment of the representation theory of the symmetric group, as a direct consequence of the decomposition of the tensor product of several induced monomial representations of the symmetric group into its transitive summands. The underlying permutation representations give rise to the original Redfield's group-reduced distributions, or, equivalently, to Read's equivalence relation of "T -similarity".
The paper is stratified as follows. In Section 1, Proposition 1.2.5 asserts that the tensor product of several induced monomial representations of the symmetric group S d is a monomial one. Lemma 1.2.3 discusses the corresponding permutation representation of S d and, in particular, shows that there is a canonical bijection between the S d -orbit space thus obtained and the set of Read's equivalence classes from [6, sec. 3] . Section 2 contains two equivalent statements: Theorem 2.1.1 and Theorem 2.1.2, which generalize Redfield's master theorem. Evaluating the equality from Theorem 2.1.2 at p 1 = · · · = p d = 1, we get Theorem 2.1.3 which is a generalization of the superposition theorem (cf. [6, sec. 4] ). Using Lemma 1.2.3 as a link between the representation theory of the symmetric group and the combinatorial analysis, we formulate several particular cases of Theorem 2.1.3 as graphical corollaries. Let Γ 1 , . . . , Γ k be graphs with d vertices (loops and multiple edges allowed), together with their automorphism groups W 1 ≤ S d , . . . , W k ≤ S d . In Corollary 3.1.1 is given the number of all superpositions of Γ 1 , . . . , Γ k , under the assumption that the only k-tuple of permutations (σ 1 , . . . , σ k ) ∈ W 1 × · · · × W k , each with the same cyclic structure, is ((1), . . . , (1)), where by (1) we denote the unit permutation. Suppose that at least one of the groups W m , say W 1 , is cyclic and let b be its order. If a is a divisor of b, the second corollary gives the number of all superpositions of Γ 1 , . . . , Γ k whose automorphism groups are (cyclic) groups of order dividing a. Under the same assumption, Corollary 3.1.3 counts the number of all superpositions of Γ 1 , . . . , Γ k , whose automorphism groups are trivial. Corollary 3.1.4 gives the number of all superpositions of Γ 1 , . . . , Γ k , whose automorphism groups consist of even permutations.
Below, with the kind permission of the participants of the e-mail discussion apropos of the last two corollaries, we cite a fragment of it.
Prof. R. We note that [7, Case 2: Theorem, p. 449] yields a finite procedure for finding the number of superpositions with cyclic automorphism group of a given order a which divides the order of the cyclic range group, whereas in Corollary 3.1.3 we give an explicit formula for the case a = 1.
In case one of the automorphism groups is the dihedral group of order 2b where b is an odd number, Corollary 3.2.1 establishes the number of all superpositions of Γ 1 , . . . , Γ k , whose automorphism groups have an odd order.
In general, when one of the automorphism groups has a normal solvable subgroup of order r, such that the corresponding factor-group is cyclic of order relatively prime to r, Corollary 3.2.2 counts the number of all superpositions of Γ 1 , . . . , Γ k , whose automorphism groups have an order dividing r.
Corollary 3.2.3 is a modification of 3.2.2. Here the number r is a power of a prime q and one of the W m 's has a normal subgroup of order r, such that the corresponding factorgroup is cyclic of order relatively prime to q. Under these hypotheses, the corollary gives the number of all superpositions of Γ 1 , . . . , Γ k , whose automorphism groups are q-groups.
In Section 4 we lift the results from Theorem 2.1.1 and Theorem 2.1.2 via SchurMacdonald's equivalence to the category of polynomial homogeneous degree d functors on the category of finite-dimensional spaces.
Tensor product of induced monomial representations of S d
Throughout the end of the paper we assume that K is an algebgaically closed field of characteristic zero and that all group characters are K-valued.
1.1. According to Schur-Macdonald's equivalence, the Grothendieck's group of the category of polynomial homogeneous degree d functors over the category of finite dimensional K-linear spaces, is isomorphic to the Grothendieck's group of the category of finite- 1.2. Let W be a subgroup of the symmetric group S d and let χ: W → K be a onedimensional character of W . The field K has a natural structure of left KW -module given by σc = χ(σ)c, where σ ∈ W , c ∈ K. We denote by K χ the corresponding onedimensional K-linear representation of W . Let I be a left transversal of W in S d . The induced monomial representation ind
Since for any ζ ∈ S d and i ∈ I there exist unique j ∈ I and σ ∈ W such that ζi = jσ, we obtain a group homomorphism s:
Moreover, the permutation group s(S d ) is transitive on the set I. We have
where ) i∈I m , the above ingredients for the induced monomial representation ind
where
Next trivial lemma paves the way for some combinatorial applications. (ii) the stabilizer of the k-tuple (i 1 , . . . , i k ) in the symmetric group S d , is the intersec-
k ; (iii) there exists a canonical bijection between the orbit space S d \I and the orbit space
where the action of the group by   (ζ, w 1 , . . . , w k )(a 1 , . . . , a k ) = (ζa 1 w 1 , . . . , ζa k w k ) (here W 
is a monomial K-linear representation of S d with basis (e i = e i 1 ⊗ · · · ⊗ e i k ) i∈I , the action of S d being given by the rule
Proof: It is clear that the family (e i ) i∈I is a basis for the K-linear space (1.2.6). We have 
We set
In particular, the set C(W 1 , . . . , W k ) is a disjoint union of conjugasy classes of the abstract group 
Proof: An immediate consequence of [4, Ch. I, sec. 7, (7.12)].
Redfield's Ansatz
2.1. In this section we generalize Redfield's master theorem and superposition theorem.
Theorem 2.1.1. One has
where T (W 1 , . . . , W k ) is a system of distinct representatives of the S d -orbits in the Cartesian product I = I 1 × · · · × I k with respect to the action (1.2.2) of S d , and ψ (ω 1 ,...,ω k ) is the one-dimensional character of the group
k , which is the restriction of the expression
.5).
Proof: Proposition 1.2.5 implies that the tensor product (1.2.6) is a monomial representation of S d , so it gives an induced monomial representation on each S d -orbit in the set I and (1.2.6) is the direct sum of these transitive constituents. Now, Lemma 1.2.3, (ii), finishes the proof. Transfering this result on the Abelian group Λ d of homogeneous degree d symmetric functions with integer coefficients in a countable set of variables x 0 , x 1 , x 2 , . . ., we obtain a direct generalization of Redfield's master theorem. 
Following R. C. Read, if A is a polynomial in several variables p 1 , . . . , p d , we denote by N (A) the sum of its coefficients. Applying the operation N on the two sides of the previous equality, we establish Theorem 2.1.3. One has that
is the number of the elements ω ∈ T (W 1 , . . . , W k ) such that ψ (ω 1 ,...,ω k ) = 1 on the stabilizer 
Graphical corollaries
3.1. Here is how the above machinery applies to graph theory. Combining Theorem 2.1.3 with Remark 1.2.4, we establish several graphical corollaries. Obviously, these corollaries can also be stated in the more general language of superpositions of k sets each of d elements, with a priori given "automorphism groups". Let Γ 1 , . . . , Γ k be graphs with d vertices (loops and multiple edges allowed) and let W 1 ≤ S d , . . . , W k ≤ S d , be their automorphism groups, respectively. Given a cyclic group of order b and a divisor a of b, let ̺ (a) be a one-dimensional character of this cyclic group, whose kernel has order a. Lemma 1.2.7 yields immediately 
where ̺ (a) : W 1 → K ia a one-dimensional character whose kernel has order a.
In the particular case a = 1, we obtain 
The last result is an important special case of the following statement. Let r be a natural number. We suppose that (a) W 1 has a normal solvable subgroup R of order r such that the factor-group W 1 /R is a cyclic group of order relatively prime to r.
Then the group W 1 itself is solvable. According to the generalized Sylow theorems (cf [1, Ch. 9, Theorem 9.3.1]), R is the only subgroup of W 1 of order r. Moreover, any subgroup of W 1 of order which divides r, is contained in R.
Denote by π a one-dimensional character of W 1 with kernel R. 
Now, we formulate a version of the preceding corollary. Let q be a prime number. Suppose that (i) W 1 has a normal q-subgroup R such that the factor-group W 1 /R is a cyclic group of order relatively prime to q.
According 
Remark 3.2.4. Examples of abstract groups W 1 which satisfy the hypothesis (a) (respectively, the hypothesis (i)) can be obtained by constructing a semi-direct profuct of a solvable group R of order r (respectively, a q-group R) with a cyclic group C of order relatively prime to r (respectively, relatively prime to q). Schur-Zassenhaus' theorem (cf.
[8, Ch. IV, sec. 8, IV.7.c]) asserts that there are no other examples. In the symmetric group S d , it is enough to choose R ≤ S d and C ≤ S d with the above-mentioned properties so that RC = CR, R ∩ C = {(1)} and R is a normal subgroup of the group W 1 = RC.
4. Internal product of semi-symmetric powers 4.1. Now, we transfer Theorem 2.1.1 as an isomorphism between polynomial homogeneous degree d functors, using Schur-Macdonald's equivalence. It is known that the induced monomial representation ind 
